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THE BRAIDINGS IN THE MAPPING CLASS GROUPS OF
SURFACES
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Abstract. The disjoint union of mapping class groups of surfaces forms a
braided monoidal category M, as the disjoint union of the braid groups B
does. We give a concrete, and geometric meaning of the braiding βr,s in
M. Moreover, we find a set of elements in the mapping class groups which
correspond to the standard generators of the braid groups. Using this, we
obtain an obvious map φ : Bg → Γg,1. We show that this map φ is injective
and nongeometric in the sense of Wajnryb. Since this map extends to a braided
monoidal functor Φ : B →M, the integral homology homomorphism induced
by φ is trivial in the stable range.
1. Introduction
Let Γg,1 be the mapping class group of the surface Sg,1, the compact orientable
surface of genus g with one boundary component obtained by deleting a disk
from the closed surface Sg. Let M =
∐
g≥0 Γg,1 be the disjoint union of Γg,1’s,
then it is regarded as the category whose objects are nonnegative integers. Here,
homM(g, g) = Γg,1 and there is no morphism between distinct integers. The monoid
structure, called F-product in M, is induced by the pair-of-pants connected sum.
The braid structure ofM was given in [8] in terms of the actions of braidings on the
fundamental group of Sg,1. Recall that Γg,1 may be identified with the subgroup
of the automorphism group of pi1Sg,1 that consists of the automorphisms fixing the
fundamental relator R = [y1, x1] · · · [yg, xg]. Here pi1Sg,1 is a free group on 2g gen-
erators x1, y1, x2, y2, . . . , xg, yg and the fundamental relator represents a loop along
the boundary of Sg,1. The F-product on M may be identified with the operation
taking the free product of automorphisms.
The action of the braiding βr,s : r⊗ s→ s⊗ r, which is an element of Γr+s,1, on
the free group on x1, y1, x2, y2, . . . , xr+s, yr+s was given in [8]. The braiding could
be also expressed as a product of the standard Dehn twists, the generators of Γg,1.
The disjoint union of braid groups B = ∐g≥0Bg forms a braided monoidal
category. Let σ1, . . . , σg−1 be the standard generators of Bg, where σi crosses the
i-th and i+ 1-st strings. The monoid structure is induced by the juxtaposition and
the braiding (σr,s : r ⊗ s→ s⊗ r) ∈ Br+s is the crossing of the front r strings and
the rear s strings. We can express σr,s in terms of σi’s as follows:
σr,s = (σrσr−1 · · ·σ1)(σr+1σr · · ·σ2) · · · (σr+s−1σr+s−2 · · ·σs).
In this paper, we give a concrete, and geometric meaning of the braiding βr,s in
the braided monoidal categoryM. Moreover, we find a set of elements β1, . . . , βg−1
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of Γg,1 which are analogous to the standard generators of Bg. Using these generators
we can define an obvious map φ : Bg → Γg,1, σi 7→ βi. An embedding of a braid
group into a mapping class group is said to be geometric by Wajnryb ([14], [15] ) if
it maps the standard generators of the braid group to Dehn twists. We show that
the map φ : Bg → Γg,1 is injective and is, moreover, nongeometric.
The natural embedding φ : Bg → Γg,1 can be extended to a braided monoidal
functor Φ : B →M. Namely, Φ preserves the braidings. As a consequence we show
that φ : Bg → Γg,1 induces a map of double loop spaces Bφ+ : BB+∞ → BΓ+∞ and
hence the homology homomorphism φ∗ : H∗(B∞;Z) → H∗(Γ∞;Z) induced by φis
trivial, where B∞ = lim−→Bg and Γ∞ = lim−→Γg,1.
The classifying space of a braided monoidal category naturally gives rise to a
double loop space([5]). More precisely speaking, the group completion of the clas-
sifying space of a braided monoidal category is homotopy equivalent to a double
loop space. For B = ∐g≥0Bg, we have
BB = ΩB(
∐
g≥0
BBg) ' Z+ ×BB+∞ ' Ω2S2,
where BB means the group completion of the classifying space of B, and + means
the Quillen’s plus construction.
The braided monoidal functor Φ : B →M induces a map of double loop spaces
BB → BM. In other words, Bφ+ : BB+∞ → BΓ+∞ is a map of double loop spaces.
Since every map Ψ : BB+∞ → BΓ+∞ of double loop spaces is null-homotopic ([10],
Lemma 5.3), so is Bφ+. This proves that the homomorphism φ∗ : H∗(B∞;Z) →
H∗(Γ∞;Z) is trivial, since the plus construction does not change the homology.
When we first think about the geometric meaning of he braiding βr,s, since it
interchanges the front r genus holes and rear s genus holes of Sr+s,1, we think that
it would be a 180◦ rotation around the boundary of the surface. Here we consider
the boundary as the waist of the surface with two arms; the left arm is the front
r genus holes and the right arm is the rear s genus holes. However, just a 180◦
rotation around the waist is not sufficient. We also need half-twists of two arms.
Here, it is important to determine the directions of these half-twists. There are
four choices of directions; two choices on the waist and two choices on the arms.
By analyzing the simplest case, β1,1 for S2,1, we show that the braiding βr,s is the
composite of two half-twists; the reverse half Dehn twist along the boundary and
half Dehn twists along the shoulders of two arms. The key part of this paper is to
figure out a correct geometric meaning of β1,1 as a self-homeomorphism of S2,1 and
extend this to the general case, βr,s in Γr+s,1.
2. Braided monoidal category
Let Sg,1 be a compact connected orientable surface of genus g with one boundary
component. The mapping class group Γg,1 is the group of isotopy classes of orienta-
tion preserving self-homeomorphisms of Sg,1 fixing the boundary of Sg,1 pointwise.
Γg,1 is generated by the standard Dehn twists a1, . . . , ag, b1, . . . , bg, w1, . . . , wg−1
(Figure 1).
Definition 2.1. A braided monoidal category is a monoidal category (C,⊗, I) to-
gether with a family of natural commutativity isomorphisms
βA,B : A⊗B → B ⊗A
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· · ·
a1
a2 a3 ag−1
ag
b1 b2 b3 bg−1 bg
w1 w2 w3 wg−1
Figure 1. Standard Dehn twists of Γg,1
called braidings, natural in both variables, such that for all objects A,B,C in C,
(a) βA,I = βI,A = 1A
(b) βA⊗B,C = (βA,C ⊗ 1B) ◦ (1A ◦ βB,C)
(c) βA,B⊗C = (1B ⊗ βA,C) ◦ (βA,B ⊗ 1C).
The equations in (b), (c) imply the Yang-Baxter equation:
(1C ⊗ βA,B)(βA,C ⊗ 1B)(1A ⊗ βB,C) = (βB,C ⊗ 1A)(1B ⊗ βA,C)(βA,C ⊗ 1C).
The disjoint union M = ∐g≥0 Γg,1 forms a category whose objects are nonneg-
ative integers and morphisms satisfy
hom(g, h) =
{
Γg,1 if g = h,
φ if g 6= h.
M has a monoid structure: the F-product
Γg,1 × Γh,1 → Γg+h,1
is induced by extending two self-homeomorphisms on Sg,1 and Sh,1 to the surface
Sg+h,1 obtained attaching a pair of pants (a sphere with three boundary compo-
nents) to the surfaces Sg,1 and Sh,1 along the fixed boundary circles. We extend
the identity map on the boundary to the whole pants.
It was shown in [8] that M is a braided monoidal category whose braidings
are as follows: Let x1, y1, x2, y2, . . . , xg, yg be the generators of pi1Sg,1 which are
represented by loops parallel to the Dehn twist loops a1, b1, a2, b2, . . . , ag, bg, re-
spectively, in Figure 1. Γg,1 is identified with the subgroup of the automorphism
group of pi1Sg,1 fixing the fundamental relator R = [y1, x1][y2, x2] · · · [yg, xg]. The
(r, s)-braiding βr,s : r ⊗ s → s ⊗ r, which is an element of Γr+s,1, acts on the free
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group on {x1, y1, x2, y2, . . . , xg, yg} as follows:
x1 7→ Rsxs+1R−1s , y1 7→ Rsys+1R−1s
...
xr 7→ Rsxs+rR−1s , y1 7→ Rsys+rR−1s
xr+1 7→ x1, yr+1 7→ y1
xr+2 7→ x2, yr+1 7→ y2
...
xr+s 7→ xs, yr+s 7→ ys
where Rs = [y1, x1] · · · [ys, xs]. We can easily check that the (r, s)-braidings fix the
fundamental relator R and satisfy the braid equations (b), (c) of Definition 2.1.
· · ·
x1
x2
yg
y1
y2
xg
z1 z2
zg−1
Figure 2. The generators x1, y1, . . . , xg, yg of pi1Sg,1
Since the group completion of the classifying space of a braided monoidal cate-
gory is homotopy equivalent to a double loop space, we have
Theorem 2.2. BM = ΩB(∐g≥0BΓg,1) is homotopy equivalent to a double loop
space. Here, BM denotes the group completion of BM.
3. The geometric analysis of braidings
In this section we give geometric meanings of braidings in the mapping class
group. By using this result we construct a natural embedding φ : Bg ↪→ Γg,1,
which is nongeometric. We show that this embedding induces the trivial homology
homomorphism in the stable range in the integral coefficient.
The braiding βr,s ∈ Γr+s,1 can be expressed as a product of the standard Dehn
twists. First, the braiding β1,1 was expressed in [8] in terms of the Dehn twists
a1, a2, b1, b2, w1:
Lemma 3.1. The (1, 1)-braiding β1,1 in Γ2,1 equals
(3.1) β1,1 = (a1b1a1)
4(a2b2(a1b1a1)
−1w1a1b1a21b1)
−3.
THE BRAIDINGS IN THE MAPPING CLASS GROUPS OF SURFACES 5
The standard Dehn twists a1, . . . , ag, b1, . . . , bg, w1, . . . , wg−1 act on pi1Sg,1, which
is the free group generated by {x1, y1, x2, y2, . . . , xg, yg}, as follows:
ai :yi 7→ yix−1i
bi :xi 7→ xiyi
wi :xi 7→ z−1i yi+1xi+1y−1i+1
yi 7→ yizi
yi+1 7→ z−1i yi+1
where zi = x
−1
i yi+1xi+1y
−1
i+1 and these automorphisms fix the generators that do
not appear in the list. By using these actions we can check that the equation given
in Lemma 3.1 is correct, that is, β1,1 acts on the free group on {x1, y1, x2, y2} as
x1 7→ [y1, x1]x2[x1, y1], y1 7→ [y1, x1]y2[x1, y1]
x2 7→ x1, y2 7→ y1
as desired. Here the Dehn twists act on the right on pi1Sg,1.
Now we construct the (r, s)-braiding βr,s by extending β1,1. Let
βi = (aibiai)
4(ai+1bi+1(aibiai)
−1wiaibia2i bi)
−3
for i = 1, . . . , g − 1, then these satisfy the braid relations. The (r, s)-braiding βr,s
in the group Γg,1 defined by
βr,s = (βrβr−1 · · ·β1)(βr+1βr · · ·β2) · · · (βr+s−1βr+s−2 · · ·βs)
is analogous to the (r, s)-braiding in the braid group Br+s. Here we may think
that the composition of two braids is a stacking (from up to) down as morphisms
map from top to bottom. Through simple calculations we can check that this
(r, s)-braiding βr,s acts on pi1Sg,1 as described in Section 2.
We now investigate the geometric meaning of βr,s. We first figure out what β1,1
really is as a self-homeomorphism of S2,1.
For a simple closed curve C on Sg,1, the half Dehn twist hC is a self-homeomorphism
of Sg,1 which is 180
◦ twist along a tubular neighborhood of C in the same direction
as the usual Dehn twist, as given in Figure 3. Let h′C denote the reverse half Dehn
twist along C, namely h′C = h
−1
C in Γg,1.
C hC
Figure 3. The half Dehn twist along C
In this paper we sometimes abuse notations. For a simple closed curve C on the
surface, it would be just a curve for a (half) Dehn twist, but sometimes it stands
for an element of the fundamental group of the surface. For example, Let R be
the closed curve along the boundary of Sg,1, then it could also mean the element
R = [y1, x1][y2, x2] · · · [yg, xg] ∈ pi1Sg,1.
Let R1, R2 be closed curves on S2,1 as given in Figure 4. The arrows on the
curves mean the directions of them as elements of pi1S2,1.
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R
R1
R2
Figure 4.
For the closed curve R on S2,1, the half Dehn twist hR and the reverse half Dehn
twist h′R are illustrated in Figure 5. We may think of them as 180
◦ rotations of the
whole surface around the axis l.
l
h′R
l
hR
180◦ 180◦
Figure 5. Two half Dehn twists along the boundary
We may regard hR and h
′
R as elements of the automorphism group of pi1S2,1 =
F{x1,y1,x2,y2}. The geometric calculations in this section not only play key roles in
analyzing the geometry of braidings in Γg,1, but also are of interest in their own
right.
Proposition 3.2. The half Dehn twist hR acts on pi1S2,1 as follows:
x1 7→ R−12 x−12 , y1 7→ y−12 R2
x2 7→ R−1x−11 R2, y2 7→ R−12 y1R.
Note that hR maps R1 to R2, and R2 to R
−1
2 R.
Proposition 3.3. The reverse half Dehn twist h′R acts on pi1S2,1 as follows:
x1 7→ R1x−12 R−1 = (R1y2)x−12 (R1y2)−1
y1 7→ Ry−12 R−11 = (R1y2x2)y−12 (R1y2x2)−1
x2 7→ y1x−11 y−11
y2 7→ R1y−11 = (y1x1)y−11 (y1x1)−1
Note that h′R maps R1 to RR
−1
1 , and R2 to R1.
These lemmas are obtained through series of geometric calculations of actions of
half Dehn twists on pi1S2,1 = F{x1,y1,x2,y2}.
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Proposition 3.4. For the half Dehn twists hR1 and hR2 , let hA = hR1 ◦hR2 , called
the half Dehn twists on two arms. Then hA acts on pi1Sg,1 as follows:
x1 7→ R−11 x−11 = (x1y1)x−11 (x1y1)−1
y1 7→ y−11 R1 = x1y−11 x−11
x2 7→ R−12 x−12 = (x2y2)x−12 (x2y2)−1
y2 7→ y−12 R2 = x2y−12 x−12
Proposition 3.5. For the reverse half Dehn twists on two arms h′A = h
′
R1
◦ h′R2
acts on pi1Sg,1 as follows:
x1 7→ x−11 R−11 = y1x−11 y−11
y1 7→ R1y−11 = (y1x1)y−11 (y1x1)−1
x2 7→ x−12 R−12 = y2x−12 y−12
y2 7→ R2y−12 = (y2x2)y−12 (y2x2)−1
In the combination of the two half Dehn twists, the half Dehn twist along the
boundary and the half Dehn twists on two arms, there are four choices of directions.
For the braiding β1,1, the right choice of directions is h
′
R and hA.
Theorem 3.6. The (1, 1)-braiding β1,1 ∈ Γ2,1 is the product (composite) of h′R and
hA in Γ2,1, that is, β1,1 = h
′
R ◦ hA.
Proof. Since three closed curves R,R1, R2 are mutually disjoint, hR, hR1 , hR2 are
all commutative. We have
x1
h′R7−−→ R1x2R−1 hA7−−→ R1x2R−11
y1
h′R7−−→ Ry−12 R−11 hA7−−→ R1y2R−11
x2
h′R7−−→ y1x−1y−11 hA7−−→ x1
y2
h′R7−−→ R1y−11 hA7−−→ y1
as desired. 
We have shown that β1,1 is the composition of the reverse half Dehn twist along
the boundary and the half Dehn twists on two arms. It is illustrated in Figure 6
and 7.
β1,1
x1 [y1, x1]x2[x1, y1]
Figure 6. The action of β1,1
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β1,1
y1 [y1, x1]y2[x1, y1]
Figure 7. The action of β1,1
Recall that the (r, s)-braiding βr,s ∈ Γr+s,1 equals
(βrβr−1 · · ·β1)(βr+1βr · · ·β2) · · · (βr+s−1βr+s−2 · · ·βs),
where βi = (aibiai)
4(ai+1bi+1(aibiai)
−1wiaibia2i bi)
−3. Let Ri = [yi, xi]. Then
βi ∈ Γr+s,1 acts on pi1Sr+s,1 as follows:
βi : xi 7→ Rixi+1R−1i , yi 7→ Riyi+1R−1i
xi+1 7→ xi , yi+1 7→ yi.
Let Ri,j = [yi, xi][yi+1, xi+1] · · · [yj , xj ] for j > i, For a closed curve Ri,i+1 on
Sr+s,1 (See Figure 8) imagine that we cut out the surface along Ri,i+1, then we get
a (small) surface S2,1.
Ri,i+1
Ri
Ri+1
Ri
Ri,i+1
Ri+1
cut
Figure 8. The local surface S2,1 obtained by cutting along Ri,i+1
Then βi is a self-homeomorphism of Sr+s,1 which is the composition of the reverse
half Dehn twist along h′Ri,i+1 and the half Dehn twists on two arms, that is, we
have
βi = h
′
Ri,i+1 ◦ hRi ◦ hRi+1 .
We can see, by checking the actions on the fundamental group, that these βi’s
satisfy the braid relations:
βiβi+1βi = βi+1βiβi+1
βiβj = βjβi for |i− j| ≥ 2.
The (r, s)-braiding βr,s is a composition of a series of local braidings β
′
is. It may
be regarded as the composition of the reverse half Dehn twist along the boundary
R of Sr+s,1 and a series of some local half Dehn twists in the upper part of the
whole surface. Figure 9 shows that how β2,3 acts on y1.
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y1
R1,3y4R
−1
1,3
β2,3
Figure 9. An example of action of braiding
Let AutFn be the automorphism of the free group Fn on n generators x1, . . . , xn.
Then there is an injection j : Bn → AutFn, called the Artin map ([1], [12]), defined
by
j(σi) : xi 7→ xixi+1x−1i , xi+1 7→ xi
where σ1, . . . , σn−1 are the standard generators of Bn.
There exists an obvious group homomorphism
φ :Bg → Γg,1 ⊂ AutSg,1
σi 7→ βi
where φ(σi) = βi acts on pi1Sg,1 = F{x1,y1,x2,y2,...,xg,yg} as
xi 7→ Rixi+1R−1i , yi 7→ Riyi+1R−1i
xi+1 7→ xi , yi+1 7→ yi,
where Ri = [yi, xi]. The map φ is injective as the Artin map j : Bn → AutFn is.
([1], [12])
An embedding of a braid group into a mapping class group is called a geometric
embedding if it takes the standard generators of braid group onto Dehn twists in
the mapping class group([14]). In [15] Wajnryb raised a question whether there
can be a nongeometric embedding. We here show that map φ : Bg → Γg,1 is a
nongeometric embedding.
Lemma 3.7. The map φ : Bg → Γg,1 is a nongeometric embedding.
Proof. For a standard generator σi of Bg, φ(σi) = βi is composite of three half Dehn
twists along three disjoint simple closed curves in the local surface S2,1. We may
think that this self-homeomorphism is supported in the inner surface S0,3 obtained
by removing the outer dotted parts of the surface S2,1 as given in Figure ??. βi
cannot be equal to a full Dehn twist along a simple closed curve in S0,3 because
there are only three simple closed curves in S0,3 and any Dehn twist along one of
those three closed curves is not equal to φ(σi). We can see this by comparing the
actions of them on the fundamental group of S2,1. 
From the geometric construction of β′is and the actions of them on the funda-
mental group of the surface, we have the following theorem.
Theorem 3.8. Let B = ∐g≥0Bg and M = ∐g≥0 Γg,1. The nongeometric embed-
ding φ : Bg → Γg,1, σi 7→ βi extends to a braided monoidal functor Φ : B →M.
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Figure 10. Three 180◦ twists along the boundary of S0,3
The map φ : Bg → Γg,1 is a more natural embedding than the Harer map which
is defined by
h(σi) =
{
b i+1
2
if i is odd
w i
2
if i is even.
(See Figure 1 for the definitions of bi’s and wi’s.), because the map h does not
directly give rise to a braided monoidal functor for B toM. (See [9], Theorem 3.3)
The group completion of the classifying space of a braided monoidal category is
naturally homotopy equivalent to a double loop space([3], [4], [5], [2]). Therefore,
Φ induces a map BB → BM of double loop spaces, where BB and BM denote the
group completions of BB and BM, respectively.
Since BB ' Z+ ×BB+∞ and BM' Z+ ×BΓ+∞, we have
Lemma 3.9. Bφ+ : BB+∞ → BΓ+∞ is a map of double loop spaces, and is null-
homotopic.
It is known ([10], Lemma 5.3) that every double loop map f : BB+∞ → BΓ+∞ is
null-homotopic.
Since the plus construction does not change homology groups, Lemma 3.9 implies
that the homology homomorphism induced by φ is trivial in the stable range.
Theorem 3.10. The homomorphism φ∗ : H∗(B∞;Z) −→ H∗(Γ∞;Z) induced by φ
is trivial.
By the homology stability theorem ([6], [7]) we have that φ∗ : Hi(Bg;Z) →
Hi(Γg,1;Z) is trivial for 0 < i < g2 .
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